Abstract. Let L=K be an extension of number fields where L=Q is abelian. We define such an extension to be Leopoldt if the ring of integers O L of L is free over the associated order A L=K . Furthermore we define an abelian number field K to be Leopoldt if every finite extension L=K with L=Q abelian is Leopoldt in the sense above. Previous results of Leopoldt, Chan & Lim, Bley, and Byott & Lettl culminate in the proof that the n-th cyclotomic field Q ðnÞ is Leopoldt for every n. In this paper, we generalize this result by giving more examples of Leopoldt extensions and fields, along with explicit generators.
Introduction
Let L=K be a finite Galois extension of number fields with Galois group G. Then the group algebra K½G operates on the additive structure of L in the obvious way and we define the associated order of the extension L=K to be
where O L is the ring of integers of L. A natural problem that arises in Galois module theory is that of determining the associated order A L=K and the structure of O L as an A L=K -module.
In the case where K ¼ Q and L=Q is abelian, this problem was solved by Leopoldt (see [20] ; Lettl gives a simplified proof in [21] ). In particular, Leopoldt showed that O L is a free A L=Q -module (necessarily of rank 1) and gave explicit descriptions of A L=Q and of
conductor or, equivalently, the extension L=Q is tamely ramified. In the more general setting, Noether showed that A L=K ¼ O K ½G precisely when the extension L=K is at most tamely ramified (see [26] ). Furthermore, A L=K is the only order of K½G over which O L can possibly be free of rank 1. Hence Leopoldt's Theorem can be viewed as a generalization of the Hilbert-Speiser Theorem.
A number field K is called a Hilbert-Speiser field if each at most tamely ramified finite abelian extension L=K has a relative normal integral basis, i.e. O L is a free O K ½G-module. In [14] , Greither, Replogle, Rubin and Srivastav show that Q is the only such number field. In this paper, we consider an analogous problem in which the restriction on ramification is relaxed and the requirement that L=K is abelian is strengthened. Definition 1.1. An extension L=K of absolutely abelian number fields (i.e. L=Q abelian) is Leopoldt if O L is a free A L=K -module. An abelian number field K is Leopoldt if every extension L=K with L=Q abelian is Leopoldt in the sense above.
In particular, Leopoldt's Theorem shows that Q is Leopoldt. However, unlike the case of Hilbert-Speiser fields, Q is not the only such field. A series of successively sharper results of Chan & Lim, Bley, and Byott & Lettl (see [6] , [1] and [5] , respectively) culminates in the proof that the n-th cyclotomic field Q ðnÞ is Leopoldt for every n. In [12] , Gó mez Ayala shows that any quadratic extension L=K with L of p-power conductor over Q (p an odd prime) is Leopoldt (also see [22] ). In this paper, we build upon these results by proving the following theorems. 
Note that these results can be made explicit (see Theorems 8.2 and 9.2). In other words, for a Leopoldt extension L=K we can give an explicit generator
Theorem 1.4 follows from Theorems 1.2 and 1.3 (plus certain cases of the already known results mentioned above) in a relatively straightforward manner as shown in Section 2. One important tool used in the proof of Theorems 1.2 and 1.3 is the result of [23] in which Lettl shows that for any finite extension of p-adic fields L P =K p where L P =Q p is abelian, O L P is a free A L P =K p -module. We then use Roiter's Lemma (see [8] , 31.6) to reduce the problem to the computation of certain discriminants, which we do by explicitly calculating resolvents.
It is natural to ask whether every finite abelian extension of Q is Leopoldt. One can trivially deduce that the answer is no from results of Brinkhuis ([2] , [3] , [4] ) or Cougnard ( [7] ), which give many examples of absolutely abelian tame extensions that have no relative normal integral basis. In analogy with the result that Q is the only Hilbert-Speiser field ( [14] ), we would ultimately like to give a classification of all Leopoldt fields. This is a problem that might be explored in a future paper.
Piecing extensions together
We show that Theorem 1.4 follows from Theorems 1.2 and 1.3, plus Leopoldt's original theorem along with a special case (2-power conductor) of its previously known relative generalizations.
, III.2.13). Then:
Proof. This is [5] 
Proof. We give a slightly modified version of the proof dealing with the cyclotomic case given in [6] , Section 5. Consider the following field diagram.
The hypothesis that L 1 and L 2 are arithmetically disjoint over Q implies that the relevant pairs of fields are arithmetically disjoint over the relevant base field throughout.
We use Lemma 2.1 to move from extensions (1) and (2) to (3) and (4) respectively, and again to arrive at the result for extension (5 
(Note that the statement and proof are essentially the same as for [5] , Lemma 6.) r Proof of Theorem 1.4. Recall that K is the compositum of the collection of number
, and that we wish to show that K is Leopoldt. In other words, given a finite extension L=K with L=Q abelian, we need to find
be the prime factorization of the conductor of L. Note that we may have r i ¼ 0 for some i.
We see this as follows: for r i ¼ 0 (i.e. K i ¼ Q), use Leopoldt's original theorem (see [20] or the simplified proof in [21] ); for i ¼ 1 and r 1 f 2 use a special case of the main result of [6] (or its generalizations in [1] or [5] ); and for all remaining cases, use Theorems 1.2 and 1.3. Successive applications of Lemma 2.2 give
ðnÞ =L is at most tamely ramified (see [18] , Proposition 3.7 and Remark 3.8) and so we have O L ¼ A L=K Á Tr Q ðnÞ =L ðbÞ by Corollary 2.5.
Now suppose n is even and that QðiÞ
Assuming the notation and results of [18] , Sections 2 and 3, let X be the group of Dirichlet characters associated to L, and let L 0 be the field associated to X 2 . Then by Leopoldt's original theorem, there exists 
However, the extension L 0 Q ðtÞ =L is at most tamely ramified (for primes above odd rational primes, use [18] , Proposition 3.7; for primes above 2, use [28] , Theorem 3.5), and so by Corollary 2.5, we have
r Remark 2.6. Using the proof above and the results to which it refers, one can give explicit descriptions of a and A L=K . Note, however, that there are in fact many possible choices for a:
Remark 2.7. Theorem 1.4 can be easily extended using Lemma 2.2 to ''add on'' non-cyclotomic extensions of the form described in Theorem 1.2 (in the proof above, we only use the cyclotomic case of Theorem 1.2) and quadratic extensions of the forms described in [12] and [22] . However, the resulting statement would then be rather messy as it would be about certain Leopoldt extensions rather than Leopoldt fields.
From local freeness to global freeness
Throughout this section, let L=K be a Galois extension of number fields with G ¼ GalðL=KÞ (not necessarily abelian). It is well-known that the ring of integers O L being locally free over the associated order A L=K is a necessary but not a su‰cient condition for O L to be free over A L=K . However, the proposition below says that in some sense local freeness is ''not too far'' from global freeness.
For background material on module indices and discriminants, see [11] , Sections II.4 and III.2.
Proof. We use Roiter's Lemma as stated in [8] , 31.6 (alternatively, see [27] 
Both M and N are L-lattices and are in the same genus since O L is locally free over A L=K . Roiter's Lemma says that there exists a L-exact sequence
The desired result now follows once one observes that
The following proposition says that local freeness together with certain extra conditions implies global freeness.
and observe that this is precisely the set of elements of O L that generate a normal basis for the field extension L=K. Note we can assume without loss of generality that a A S. For every b A S, the map c : K½G ! L; x 7 ! x Á b is in fact an isomorphism (in particular, of K-vector spaces) which restricts to an isomor-
In particular, this holds for
To see this, note that one direction is trivial and that the other must hold in order to avoid a contradiction with Proposition 3.1. r
We now rephrase Proposition 3.2 in terms of discriminants.
Proof. Using a well-known lemma relating discriminants to module indices (see [11] 
The desired result now follows from Proposition 3.2. r Proposition 3.4. Let K be a number field with linearly disjoint extensions L and E. Let F ¼ LE and suppose that F =E (and so L=K) is Galois with Galois group G.
Suppose that O L and O F are locally free over A L=K and A F =E respectively and that there ex-
Proof. First note that the restriction map
It is now easy to see that
for every b A O L and so the desired result now follows from Proposition 3.3. r
Resolvents
In this section, we define resolvents and use them to give a formula for certain discriminants. We then derive a criterion in terms of resolvents for trivial Galois module structure of abelian extensions which will be a key element of the proofs of the main results. 
Let L=K be an abelian extension of number fields with Galois group G and letĜ G be the character group of G. Let n be the exponent of G and note that the elements ofĜ G can be considered as group homomorphisms w : G ! Lðz n Þ Â .
Definition 4.2. Let a A L and w AĜ G. We define
À1 ÞgðaÞ A Lðz n Þ to be the resolvent attached to a and w.
Proof.
[28], Lemma 5.26 (a) gives det Proof. Straightforward. r
Sums of roots of unity
We compute certain sums of roots of unity, allowing us to calculate resolvents later on. 
Lemma 5.3. Let p be a prime, n; m f 1 (n f 2 if p ¼ 2) and 0 e k e n þ m. Then
where s i is the automorphism of Qðz p nþm Þ ¼ Q 
Proof. Observe that
The result for now follows by using Theorem 5.4 with n ¼ p k and n ¼ p kÀ2 . (Strictly speaking, we have shown the result for z ¼ e 2pi=p k , though it is clear that the result still holds for any choice of z ¼ z p k .) r Proposition 5.6. Let F ðtÞ A Z p ½t, and let a 0 be a simple root of F ðtÞ mod p. Then there exists a root a of F ðtÞ with a 1 a 0 mod p.
Proof. This is a corollary of Hensel's Lemma-see [11] , II.3.25.a. r Proposition 5.7. Let p be an odd prime and let a; b; k A Z with k f 1 and ðb; pÞ ¼ 1.
Proof. Since ðb; pÞ ¼ 1, we see that g is surjective mod p. Hence Proposition 5.6 shows that g is surjective and therefore bijective. However, h : Z=p k Z ! Z=p k Z, t 7 ! a þ bt is also bijective, and so the desired result now follows from Lemma 5.2. r 
Proof. The main point is to check that f ðtÞ ¼ P d j¼2 t j p ð jÀ2Þe is indeed an element of ðZ=p k ZÞ½t. One has to consider p-denominators of the binomial coe‰cients and a straightforward induction argument gives the desired result. r Proposition 5.9. Let p be an odd prime and let a; b; c; k A Z with k f 0 and ðc; pÞ ¼ 1.
Proof. Define h to be the first three terms of g, that is hðtÞ ¼ a þ bt þ ct 2 . Since multiplying gðtÞ by the multiplicative inverse of c in Z=p k Z (recall ðc; pÞ ¼ 1) does not a¤ect the norm of P z gðtÞ , we can without loss of generality suppose that c 1 1 mod p k . Thus we have hðtÞ ¼ a þ bt þ t 2 . Now completing the square, we see that there exists a change of variables x ¼ t À b=2 such that hðxÞ ¼ x 2 . (Note that without loss of generality we can take the constant term to be zero, as again this does not a¤ect the norm.) Thus we have gðxÞ ¼ x 2 þ pf ðx þ b=2Þ, and since f was arbitrary, we can suppose that in fact gðxÞ ¼ x 2 þ pf ðxÞ.
If k ¼ 0 or 1, the result now follows from Theorem 5.4 and the fact that g ¼ h in this case (both are defined as functions on Z=p k Z). We suppose that k f 2 and proceed by induction. Since
f ðpxÞ. Then we have
gðxÞ:
As before, we can suppose without loss of generality that d ¼ 0, and so
Sinceg g is of the correct form and
the result now follows by induction. r Corollary 5.10. Let p be an odd prime and let a; b; c; d; e; k A Z with d f 2, e; k f 1, ðc; pÞ ¼ 1 (if p ¼ 3, assume e f 2). Let z ¼ z p k and define
Proof. Write
The main point is to check that f ðtÞ ¼
One has to consider p-denominators of the binomial coe‰cients and a straightforward induction argument gives the desired result except when e ¼ 1 and p ¼ 3. r
Absolutely abelian extensions
We recall two results for absolutely abelian extensions of number fields. The first of these results says that all absolutely abelian extensions of number fields have the local freeness property which allows the results of Sections 3 and 4 to be applied.
Theorem 6.1 ([23]
). Let L P =K p be a finite extension of p-adic fields with L P =Q p abelian. Then O L P is a free A L P =K p -module of rank 1.
Corollary 6.2 ([23]).
If L=K is an extension of number fields with L=Q abelian, then O L is locally free over A L=K , i.e. for any prime p of O K , O L; p is a free A L=K; p -module of rank 1.
Let L=K be an extension of number fields with L=Q abelian and let G ¼ GalðL=KÞ. The second result asserts that the associated order A L=K is equal to M K½G , the maximal O K -order of K½G, in many cases of interest. Note that M K½G is unique in this case because G is abelian. Definition 6.3. We say that an extension N=M is totally wildly ramified if each intermediate field di¤erent from M is wildly ramified above M. 
The induction step
We now specialize to the following situation: Let r; s f 1 and p be an odd prime.
Let G ¼ GalðL=KÞ, H ¼ GalðL=MÞ and D ¼ GalðM=KÞ.
Let A be the subgroup of characters of G that are trivial on H. Note that A GD D.
Let B ¼Ĝ G À A. Note that this is the set of characters of G of order p s or 2p s .
Remark 7.1. We shall assume for the rest of the paper that r f minf2; sg if p ¼ 3 due to the exceptional case of Corollary 5.10 (note that this proposition is only used when s > r). However, we already know that extensions of the form Q ð3 1þs Þ =Q ð3Þ are Leopoldt by the main result of [6] (or its generalizations in [1] or [5] 
if w is of even order;
if w is of odd order:
If w is of even order, we have
The calculation is almost identical for w of odd order. r Proof. Since w A B, we have wðs 1þp r Þ ¼ z ap r for some a A V . Then using Definition 4.2 and noting the explanations below, we have 
Similarly, we can write b ¼ P We now prove an explicit version of Theorem 1.2. We adopt the notation given at the beginning of Section 7, taking K ¼ Q ð p r Þ . We abbreviate hÀ j wi L=K to hÀ j wi. 
be the cyclotomic Z p -extension of K. Then for any n f m, the ring of integers O K n is free as a module over A K n =K m .
Proof. This is essentially just a rephrasing of Corollary 8.3. Recall Remark 7.1. r
We can now deduce a theorem that is essentially the same as a result of Kersten and Michaliček ( [19] , Theorem 2.1). Also see [13] and [15] . Theorem 8.5. Let p be an odd prime and K be any number field. Let
be the cyclotomic Z p -extension of K. For every n f m, the ring of p-integers O K n ½p À1 is free as a module over O K m ½p À1 ½GalðK n =K m Þ.
Proof. The main point is that p is inverted and since only primes above p are ramified in K n =K m , arithmetic disjointness outside of p is equivalent to linear disjointness. Hence the desired result can be obtained by base change from the case of Corollary 8.4. r
Proof of Theorem 1.3
We now prove an explicit version of Theorem 1.3. We adopt the notation given at the beginning of Section 7, taking K ¼ Q ð p r Þþ . We abbreviate hÀ j wi L=K to hÀ j wi. 
